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Abstra
tA learning a

ount for the problem of obje
t re
og-nition is developed within the PAC (Probably Approx-imately Corre
t) model of learnability. The proposedapproa
h makes no assumptions on the distribution ofthe observed obje
ts, but quanti�es su

ess relative toits past experien
e. Most importantly, the su

ess oflearning an obje
t representation is naturally tied tothe ability to represent it as a fun
tion of some inter-mediate representations extra
ted from the image.We evaluate this approa
h in a large s
ale exper-imental study in whi
h the SNoW learning ar
hite
-ture is used to learn representations for the 100 obje
tsin the Columbia Obje
t Image Database (COIL-100).The SNoW-based method is shown to outperform othermethods in terms of re
ognition rates; its performan
edegrades gra
efully when the training data 
ontainsfewer views and in the presen
e of o

lusion noise.1 Introdu
tionThe role of learning in 
omputer vision resear
hhas be
ome in
reasingly more signi�
ant in re
entyears. Statisti
al learning theory has had an in
u-en
e on many appli
ations ranging from 
lassi�
ationand obje
t re
ognition, grouping and segmentation,illumination modeling, s
ene re
onstru
tion and oth-ers. The rising role of learning methods, made possibleby signi�
ant improvements in 
omputing power andstorage, is largely motivated by the realization thatexpli
it modeling of 
omplex phenomena in a messyworld 
annot be done without a signi�
ant role oflearning, both for model and knowledge a
quisition,and to support generalization and avoid brittleness.Nevertheless, many statisti
al and probabilisti
 learn-ing models require making expli
it assumptions, e.g.,on the distribution that governs the o

urren
es of in-stan
es in the world. For many visual inferen
e prob-lems su
h as re
ognition, 
ategorization and dete
tion,making these assumptions seems unrealisti
.This work develops a distribution free learning the-ory a

ount to an ar
hetypi
al visual re
ognition prob-lem: obje
t re
ognition. The problem is viewed asthat of learning a representation of an obje
t that,

given a new image, is used to re
ognize the target ob-je
t in it. The learning a

ount is developed withinthe PAC (Probably Approximately Corre
t) model oflearnability [16℄. This framework allows us to (1)quantify su

ess relative to the distribution of the ob-served obje
ts, without making assumptions on thedistribution. (That is, learnability guarantees thatobje
ts sampled from the same distribution as the onethat governed the experien
e of the learner will bere
ognized 
orre
tly.) (2) study the theoreti
al limitsof what 
an be learned from images in terms of theexpressivity of the intermediate representation usedby the learning pro
ess and (3) develop pra
ti
al al-gorithmi
 solutions to the problem and exhibit theirsuperiority over other methods.Earlier works have dis
ussed the possibility of iden-tifying the theoreti
al limits of what 
an be learnedfrom images [14℄ and found that learning in terms ofthe raw representation of the images is 
omputation-ally intra
table. Attempts to explain this fo
used thedependen
e of learnability on the representation of theobje
t [4℄ but failed to provide a satisfa
tory expla-nation for it, or a pra
ti
al solution. The approa
hdeveloped here builds on suggestions made in [9℄ andrelies heavily on the development of a feature eÆ
ientlearning approa
h [10, 3℄. That is, a learning pro
ess
apable of learning in domains in whi
h there is a verylarge number of potential features but any 
on
ept ofinterest a
tually depends on a fairly small number ofthose. At the heart of the learnability approa
h aretwo assumptions that we abstra
t as follows:Representation: There exists a (possibly in�nite)
olle
tionM of \explanations" su
h that an ob-je
t 
an be represented as a simple fun
tion ofpolynomially many elements inM.Pro
edural: There exists a pro
ess that, given animage that is a positive example of the target ob-je
t O generates, in polynomial time, \explana-tions" in M that are present in the image andsu
h that, with high probability, at least one ofthem is in the representation of O.



Under these assumptions we prove that there existsan eÆ
ient algorithm that 
an learn a good represen-tation of the obje
t in the sense that, with high prob-ability, it would make 
orre
t predi
tions on futureimages that 
ontain (or do not 
ontain) the obje
t.Furthermore, we show that under these 
onditions,the learned representations are robust under realis-ti
 noise 
onditions. A signi�
ant non-assumption ofour approa
h is that it has no prior knowledge on thedistribution of images nor it is trying to estimate it.Se
tion 2 des
ribes this framework in details.The framework developed here is very general. Theexplanations alluded to above 
an represent a varietyof 
omputational pro
esses and information sour
esthat operate on the image. They 
an depend on lo-
al properties of the image, the relative positions ofprimitives in the image, and even external informa-tion sour
es or 
ontext variables. Thus, the theoreti-
al support given here applies also to an intermediatelearning stage in a hierar
hi
al pro
ess. The main as-sumptions of the framework are dis
ussed in Se
. 3.For this framework to 
ontribute to a pra
ti
al so-lution, and given our assumptions, there needs to bea 
omputational approa
h that is able to learn inthe presen
e of a large number of potential \expla-nations". The evaluation we provide for this frame-work relies on the SNoW learning ar
hite
ture [3℄that is used here in a large s
ale obje
t re
ognitionexperiment. The SNoW system (available publi
lyat http://L2R.
s.uiu
.edu/~
og
omp.html) is de-s
ribed in Se
. 4, and the experimental study in Se
. 5.2 Learning FrameworkWe study learnability within the standard PACmodel [16℄ and the mistake-bound model [10℄. In thelearning s
enario, we are given a 
on
ept 
lass C, a
lass of f0; 1g-valued fun
tion over the instan
e spa
eX with an asso
iated 
omplexity parameter n, andthere is some unknown target 
on
ept fT 2 C that weare trying to learn. In the mistake-bound model, atea
h learning stage, an example x 2 X is presented;the learning algorithm is asked to predi
t fT (x) andis then told whether the predi
tion was 
orre
t. Ea
htime the learning algorithm makes an in
orre
t pre-di
tion, we 
harge it one mistake. We say that C ismistake-bound learnable if there exists a polynomial-time predi
tion algorithm A (possibly randomized)that for all fT 2 C and any sequen
e of examples isguaranteed to make at most polynomially many (inn) mistakes. We say that C is expe
ted mistake-boundlearnable if there exists A, as above, su
h that the ex-pe
ted number of mistakes it makes for all fT 2 Cand any sequen
e of examples is at most polynomi-

ally many (in n). Note that the expe
tation is takenover the random 
hoi
es made by A; there is no prob-ability distribution asso
iated with the sequen
es. Inlearning an unknown target fun
tion fT 2 C in thePAC model, we assume that there is a �xed but ar-bitrary and unknown distribution D over the instan
espa
e X. The learning algorithm sees examples drawnindependently a

ording to D together with their la-beling (positive/negative). Then it is required to pre-di
t the value of fT on another example drawn a
-
ording to D. Denote by h(x) the predi
tion of thealgorithm on the example x 2 X. The error of thealgorithm with respe
t to fT and D is measured byerror(h) = Prx2DffT (x) 6= h(x)g.We say that C is PAC-learnable if there exists apolynomial-time learning algorithm A and a polyno-mial p(�; �; �) su
h that for all n � 1, all target 
on-
epts fT 2 C, all distribution D over X, and all � > 0and 0 < Æ � 1, su
h that if the algorithm A is givenp(n; 1=�; 1=Æ) examples, then with probability at least1� Æ, A's hypothesis, h, is su
h that error(h) � �. It
an be shown that if a 
on
ept 
lass C is learnable inthe expe
ted mistake-bound model (and thus in themistake bound model) then it is PAC-learnable [6℄. Inpra
ti
e, learning is evaluated on a training set. Thehope that a 
lassi�er learned from a training set willperform well on previously unseen examples is basedon the basi
 theorem of learning theory [16, 17℄ whi
h,stated informally, guarantees that if the training dataand the test data are sampled from the same distri-bution, good performan
e on large enough1 trainingsample guarantees good performan
e on the test data(i.e., good \true" error).2.1 Learning S
enarioLet I be an input spa
e of images. Our goal is tolearn a de�nition apple:I ! f0; 1g that, when evalu-ated on a given image, outputs 1 when there is an ap-ple in the image, and 0 otherwise. It is 
lear, though,that this target fun
tion is very 
omplex in terms ofthe input spa
e and, in parti
ular, may depend onrelational information and even quanti�ed predi
ates.Many years of resear
h in learning theory, however,have shown that eÆ
ient learnability of 
omplex fun
-tion is not feasible. In the learning s
enario des
ribedhere, therefore, learning will not take e�e
t dire
tly interms of the raw input. Rather, we will learn the tar-get de�nitions in terms of an intermediate representa-tion that will be generated from the input image. This1In this sense, the evaluation on a small training set donehere is not as optimal as, say, a fa
e dete
tion study [18℄. Note,however, that the theory implies that learning s
ales well withthe size of the training data, as we show in Se
. 5.



will allow us to quantify learnability in terms of theexpressivity of the intermediate representation as wellas the fun
tion learned on top of it and, in parti
ular,it would make expli
it the requirements from an inter-mediate representation so that learning is possible.Let I be the instan
e spa
e (e.g., the spa
e of allimages). A relation2 is a fun
tion � : I ! f0; 1g. �
an be viewed as an indi
ator fun
tion over I, de�ningthe subset of those elements whi
h are mapped to 1by �. A relation � is a
tive in I 2 I if �(I) = 1.De�nition 2.1 Let X be an enumerable 
olle
tion ofrelations on I. A relation-generation fun
tion (RGF)is a mapping G : I ! 2X that maps I 2 I to a set ofall elements in X that satisfy �(I) = 1. If there is no� 2 X for whi
h �(I) = 1, G(I) = �.RGFs 
an be thought as a way to de�ne \kinds" ofrelations, or to parameterize over a large spa
e of rela-tions. Only when presented with an instan
e I 2 I, a
on
rete relation(s) is generated. For example, G maybe the RGF that 
orresponds to all verti
al edges ofsize 3 in an image. Given an image, a list of all theseedges that are present in the image is produ
ed.We now present a mistake-bound algorithm for a
lass of fun
tions that 
an be represented as DNF for-mulae over the spa
e X of all relations. As indi
ated,this implies a PAC learning algorithm, but the proofis for the mistake-bound 
ase is simpler. In Se
. 5 wewill learn a more general fun
tion { a linear thresh-old fun
tion over 
onjun
tions of relations in X ; thetheoreti
al results 
an be expended to this 
ase.De�nition 2.2 Let X be a set of relations that 
anbe generated by a set of RGFs. Let M be a 
olle
tionof monomials (
onjun
tions) over the elements of X ,and p(n), q(n) and g(n) be polynomials. Let CM bethe 
lass of all fun
tions whi
h are disjun
tions of atmost p(n) monomials in M. Following [9℄, we 
allCM polynomially explainable if there exists an eÆ-
ient (polynomial-time) algorithm B su
h that for ev-ery fun
tion f 2 CM, and every positive example off as input, B outputs at most q(n) monomials (notne
essarily all of them are inM) su
h that with prob-ability at least 1=g(n) at least one of them appears inf (the probability is taken over the 
oin-
ips of the(possibly probabilisti
) algorithm B).We note that, in prin
iple, it is possible to abstra
tthe generation of the 
onjun
tions into the RGFs(Def. 2.1). However, we would like to emphasize the2In the ma
hine learning literature a relation is sometimes
alled a feature.

generation of 
onjun
tion over simple relations and thepossibility of learning on top of it, given arguments inthe literature of its e�e
tiveness and potential biolog-i
al plausibility [5, 15℄.We emphasize that f itself is not given to the algo-rithm B. Also note that a fun
tion f in the 
lass CMmay have several equivalent representations overM.Theorem 2.1 If CM is polynomially explainable thenCM is expe
ted mistake-bound learnable. Furthermore,if CM is polynomially explainable by an algorithm Bthat always outputs at least one term of f (i.e., g(n) �1) then CM is mistake-bound learnable.Proof: [sket
h℄ The algorithm is similar to an algo-rithm presented in [1℄ whi
h learns a disjun
tion ofterms in the in�nite attribute model. The algorithmmaintains an hypothesis h whi
h is a disjun
tion ofmonomials. Initially h 
ontains no monomials (i.e.,h � FALSE). Upon re
eiving an example e, the al-gorithm predi
ts h(e); if the predi
tion is 
orre
t, h isnot updated. Otherwise, upon a mistaken predi
tion,it pro
eeds as follows:� If e is positive: exe
ute B (the algorithm guaran-teed by the assumption that CM is polynomiallyexplainable) on the example e and add the mono-mials it outputs to h.� If e is negative: remove from the hypothesis h allthe monomials that are satis�ed by e (there mustbe at least one).The analysis of the algorithm is straight forward forthe 
ase g(n) � 1, and more subtle in general.The algorithm used in pra
ti
e, in SNoW, is 
on
ep-tually similar. The main di�eren
e is that the hypoth-esis h is a linear threshold fun
tion over elements inM, and rather than dropping elements from it, theirweight is updated. The details of this pro
ess (Se
. 4)are 
ru
ial for our approa
h to be 
omputationally fea-sible for large s
ale domains and for robustness.2.2 RobustnessAny realisti
 learning framework needs to supportdi�erent kinds of noise in its input. Several kinds ofnoise have been studied in the literature in the 
on-text of PAC learning, and algorithms of the type we
onsider here have been shown to be robust to them.The most studied type of noise is that of 
lassi�
a-tion noise [7℄ in whi
h the examples are assumed tobe given to the learning algorithm with labels thatare 
ipped with some probability, smaller than 1=2.Learning in our framework 
an be shown to be robust



to this kind of noise, as well as to a more realisti
 
aseof attribute noise, in whi
h the the des
ription of theinput itself is 
orrupted to a 
ertain degree. We believethat this is the type of noise that is more relevant inthe 
urrent 
ase. First, sin
e learning is done in termsof the output of the RGFs, whi
h may introdu
e somenoise. Se
ond, sin
e attribute noise is related to o
-
lusion noise that is important in obje
t re
ognition.Spe
i�
ally, attribute noise 
an be used to model thetype of noise that usually o

urs when other obje
tsappear in the image, behind or in front of the targetobje
t. This is formalized using the notion of domi-nation: Let f1; f2 be two 
on
epts. We say that f1 isk-dominated by f2 if ea
h f1 example 
an be obtainedfrom an f2 example by 
ipping at most k of the a
tiverelations. In this 
ase, f2 k-dominates f1. The labelsof the examples, however, are generated a

ording tothe original 
on
ept, before the noise is introdu
ed.Theorem 2.2 If a 
lass CM is learnable by virtue ofbeing polynomially explainable then it is learnable evenif examples of the target 
lass are 
luttered by a k-domination attribute noise, for any 
onstant k.Proof: [Sket
h℄ The proof is an extension of thearguments in [11℄ regarding robustness to attributenoise, to the 
ase of the in�nite attribute model.3 From Theory to Pra
ti
eSeveral issues need to be addressed in order to ex-hibit the pra
ti
ality of our learning framework. The�rst is the availability of a variety of RGFs, 
apableof extra
ting from data eviden
e for the existen
e ofprimitive visual patterns under di�erent 
onditions.In this work we illustrate the approa
h by utilizingsimple edge dete
tors. The se
ond issue is the 
ompo-sition of 
omplex relations from primitive ones. Thisis 
ru
ial sin
e it allows the representation of 
omplexfun
tions in terms of the relations by learning simplefun
tional des
riptions over their 
ompositions. A lan-guage that supports 
omposition of restri
ted familiesof 
onjun
tions and 
an en
ode stru
tural relations inimages (e.g., above, to the left of...) is dis
ussed in a
ompanion paper. This work uses only general 
on-jun
tions and restri
ts only their size.Finally, the issue of learnability whi
h is the fo-
us of this work. In learning situations in vision, thenumber of potential relations (features) that may af-fe
t ea
h de
ision is very large but, typi
ally, only asmall number of them is a
tually relevant to a de
i-sion. Beyond 
orre
tness, a realisti
 learning approa
hneeds therefore to be relation-eÆ
ient [10℄ in that itslearning 
omplexity (number of examples required for


onvergen
e) depends on the number of relevant re-lations and not the global number of relations in thedomain. This 
an be phrases as the dependen
e ofgeneralization quality on the number of examples ob-served. Also, sin
e only a few of the many potentialrelations are a
tive in any instan
e, the 
omplexityof evaluating the learning hypothesis on an instan
eshould depend on the number of a
tive relations inthe input rather than the total number in the domain.And, a learning approa
h should allow variable inputsize, sin
e learning is in terms of relations that are gen-erated from the image in a data-driven way, making itimpossible, or impra
ti
al, for a learning approa
h towrite expli
itly, in advan
e, all possible \relations".Given that, the learning approa
h used in this workis the one developed within the SNoW learning ar-
hite
ture [13, 3℄. SNoW is spe
i�
ally tailored forlearning in domains in whi
h the potential number offeatures taking part in de
isions is very large, but maybe unknown a priori, as in the in�nite attribute learn-ing model [1℄. Spe
i�
ally, as input, the algorithm re-
eives labeled instan
es < (x; l) >, where an instan
ex 2 f0; 1g1 is presented as a list of all the a
tive re-lations in it and the label is a member of a dis
reteset of values (e.g., obje
ts identi�ers). Given a do-main instan
e (an image) a set of pre-existing RGFsare evaluated on it and generate a 
olle
tion of rela-tions that are a
tive in this image; these, in turn, maybe 
omposed to generate the elements of M. A listof a
tive elements in M is presented to the learningpro
edure and learning is done at this level.4 The SNoW Ar
hite
tureThe SNoW (Sparse Network of Winnows3) learningar
hite
ture is a sparse network of linear units over a
ommon pre-de�ned or in
rementally learned featurespa
e. Nodes in the input layer of the network repre-sent simple relations over the input instan
e and arebeing used as the input features. A linear unit is usedfor ea
h target node and represents a relation or 
on-
ept of interest over the input; in the 
urrent appli
a-tion, target nodes represent a de�nition of an obje
t interms of the relations (features) extra
ted from the 2Dimage input. An input instan
e is mapped into a setof features whi
h are a
tive in it; this representationis presented to the input layer of SNoW and propa-gates to the target nodes. Target nodes are linked viaweighted edges to (some of) the input features.LetAt = fi1; : : : ; img be the set of features that area
tive in an example and are linked to the target node3To winnow: to separate 
ha� from grain.



t. Then the linear unit 
orresponding to t is a
tive i�Xi2Atwti > �t;where wti is the weight on the edge 
onne
ting the ithfeature to the target node t, and �t is t's threshold.Ea
h SNoW unit in
ludes a 
olle
tion of subnet-works, one for ea
h target relations but all using thesame feature spa
e. Here, we may have one unit withtarget subnetworks for all the target obje
ts or we mayde�ne units to ea
h have two 
ompeting target obje
ts.A given example is treated autonomously by ea
h tar-get subnetwork; an example labeled t may be treatedas a positive example by the subnetwork for t and asa negative example by the rest of the target nodes.The learning poli
y is on-line and mistake-driven;several update rules 
an be used within SNoW. Themost su

essful and the only one used in this work, isa variant of Littlestone's Winnow update rule [10℄, amultipli
ative update rule tailored to the situation inwhi
h the set of input features is not known a priori, asin [1℄. This me
hanism is implemented via the sparsear
hite
ture of SNoW. That is, (1) input features areallo
ated in a data driven way { an input node for therelation i is allo
ated only if i was a
tive in any inputinstan
e and (2) a link (i.e., a non-zero weight) existsbetween a target node t and i if and only if i was a
-tive in an example labeled t. One of the importantproperties of the sparse ar
hite
ture is that the 
om-plexity of pro
essing an example depends only on thenumber of features a
tive in it, na, and is independentof the total number of features, nt, observed over thelife time of the system. This is important in domainsin whi
h the total number of features is very large, butonly a small number of them is a
tive in ea
h example.The Winnow update rule has, in addition to thethreshold �t at the target t, two update parameters: apromotion parameter � > 1 and a demotion parame-ter 0 < � < 1. These are being used to update the 
ur-rent representation of the target t (the set of weightswti) only when a mistake in predi
tion is made. LetAt = fi1; : : : ; img be the set of a
tive features that arelinked to the target node t. If the algorithm predi
ts0 (that is, Pi2At wti � �t) and the re
eived label is 1,the a
tive weights in the 
urrent example are promotedin a multipli
ative fashion:8i 2 At; wti  � � wti :If the algorithm predi
ts 1 (Pi2At wti > �t) and there
eived label is 0, the a
tive weights in the 
urrentexample are demoted:8i 2 At; wti  � � wti :

All other weights are un
hanged.The key feature of the Winnow update rule is thatthe number of examples required to learn a linear fun
-tion grows linearly with the number nr of relevant fea-tures and only logarithmi
ally with the total numberof features. This is 
ru
ial in domains in whi
h thenumber of potential features is vast, but a relativelysmall number of them is relevant. Moreover, in thesparse model, the generalization a
tually s
ales witha number of examples that s
ales with O(nr logna).Winnow is known to learn eÆ
iently (as a fun
tion ofthe margin in the data) any linear threshold fun
tionand to be robust in the presen
e of various kinds ofnoise and in 
ases where no linear-threshold fun
tion
an make perfe
t 
lassi�
ations, while still maintain-ing its abovementioned dependen
e on the number oftotal and relevant attributes [11, 8℄.On
e target subnetworks have been learned and thenetwork is being evaluated, a winner-take-all me
ha-nism is employed to sele
t the dominant a
tive targetnode in the SNoW unit.5 Experimental EvaluationWe use the Columbia Obje
t Image Library (COIL-100) database in all the experiments below. COIL isavailable at http://www.
s.
olumbia.edu/CAVE. TheCOIL-100 dataset 
onsists of 
olor images of 100 ob-je
ts where the images of the obje
ts that were takenat pose intervals of 5Æ, i.e., 72 poses per obje
t. Theimages were also normalized su
h that the larger ofthe two obje
t dimensions (height and width) �ts theimage size of 128 � 128 pixels. Figure 1 shows theimages of the 100 obje
ts taken in frontal view, i.e.,zero pose angle. The 32 highlighted obje
ts in Figure1 are 
onsidered more diÆ
ult to re
ognize in [12℄; weuse all 100 obje
ts in
luding these in our experiments.Ea
h 
olor image is 
onverted to a gray-s
ale image of32� 32 pixels for our experiments.5.1 Results Using Conjun
tion of EdgesEdge information 
ontains signi�
ant visual 
uesfor human per
eption and has the potential to pro-vide more information than the previous representa-tion and guarantee robustness. Edge-based represen-tations 
an be used, for example, to obtain a hier-ar
hi
al des
ription of an obje
t. While per
eptualgrouping has been applied su

essfully to many vi-sion problems in
luding obje
t and fa
e re
ognition,the grouping pro
edure is usually somewhat arbitrary.This work 
an this be viewed as a systemati
 methodto learn representation of obje
ts based on 
onjun
-tions of edges. For ea
h image, a Canny edge dete
-tor [2℄ is �rst applied to extra
t edges. Let I(x; y)represent the (x; y) pixel in an image I. Let E(x; y)



Figure 1: Columbia Obje
t Image Library (COIL-100) 
onsists of 100 obje
ts of varying poses (5Æ apart). Theobje
ts are shown in row order where the highlighted ones are those 
onsidered more diÆ
ult to re
ognize in [12℄.
be the Canny edge map in whi
h E(x; y) = 1 indi
atesthe existen
e of an edge at I(x; y). To prune extra-neous small edge fragments and redu
e the 
omputa-tion 
omplexity we keep only edges with length abovesome threshold (e.g., 3 pixels). Ê is the resulting edgemap after pruning. That is, the pixel I(x; y) is 
on-sidered to 
ontain signi�
ant per
eptual informationto des
ribe the obje
t, when Ê(x; y) = 1; otherwise,Ê(x; y) = 0. For 
onsisten
y we index an edge usingits top left pixel. For ea
h pixel we maintain up totwo possible edges in the resulting Ê map, a verti
alone and a horizontal one, denoted bye =< (x; y); d >; d 2 fv; hg:Features are generated to represent 
onjun
tions ofsize two of these edges. That is, features are elementsof the 
ross produ
tÊ � Ê = f(e; e0)je 6= e0g:This representation thus 
onstitutes a hierar
hi
al rep-resentation of an obje
t whi
h en
odes the spatial rela-tionships of the edges in an obje
t. Figure 2 illustratesthe bene�t of this en
oding in obje
t re
ognition. Itshows two obje
ts with very similar appearan
e forwhi
h the edge maps (where the minimum length is 3)are di�erent. This di�eren
e grows when 
onjun
tionsof edges are used. Finally, we note that the numberof potential features when using this representation isvery large, but very few of them are a
tive. Forea
h 32� 32 edge map, we �rst extra
t the horizontaland verti
al edges whose length is at least 3 pixels.Therefore, we have two 32 � 32 edge maps in whi
hthe value of a pixel is 1 if it is on an edge. A ve
torfor an obje
t 
onsists of the raster s
ans of these twomaps, in whi
h 
onjun
tions of any two elements are
omputed. Thus, a feature ve
tor of ea
h obje
t 
on-sists, in prin
iple, of �20482 � = 2096128 
onjun
tions,of whi
h only an average of 1822 are a
tive (present)

in feature ve
tors of obje
ts in the COIL-100 dataset.To redu
e the 
omputational 
omplexity of the learn-ing pro
ess, the feature ve
tors are further pruned sothat only the 512 most frequently o

urring featuresare retained in ea
h instan
e representation. This 
or-responds to the pro
ess that produ
es elements inM,alluded to in Def. 2.2. Note that the de�nition sup-ports a randomized pro
ess, in this 
ase, we use onebased on frequen
y of feature o

urren
e.Table 1 shows the performan
e of our method using
onjun
tions of edges to represent obje
ts. We varythe number of views of an obje
t (k) during trainingand use the rest of the views (72 � k) of an obje
tfor testing. The results indi
ate that 
onjun
tions ofedges provide useful information for obje
t re
ognitionand that SNoW is able to learn with it. The experi-mental results also exhibit that the superiority of the
onjun
tions based representation in
reases when thenumber of views per obje
t is limited.5.2 Results Using Pixel-Based Represen-tationTo evaluate the SNoW approa
h with edge-basedrepresentation, we 
ompare the experimental resultsof other 
lassi�ers. The pixel-based representation isused for the SNoW, Support Ve
tor Ma
hine (SVM)and nearest neighbor 
lassi�ers with ea
h image is 
on-verted to a raster s
an ve
tor of intensity values.The pixel-based representation in the SNoW ap-proa
h 
onsists of a set of Boolean features that en-
ode the positions and intensity values of pixels. Letthe (x; y) pixel of an image with width w and heighth have intensity value I(x; y) (0 � I(x; y) � 255).This information is en
oded as a feature whose in-dex is 256 � (y � w + x) + I(x; y). This represen-tation ensures that di�erent points in the fposition� intensityg spa
e are mapped to di�erent features.(That is, the feature indexed 256�(y�w+x)+I(x; y)is a
tive if and only if the intensity in position (x; y)



(a) obje
t65 (b) edgemap (
) hor.edge (d) vert.edge (e) obje
t13 (f) edgemap (g) hor.edge (h) vert.edgeFigure 2: Two obje
ts with similar appearan
e (in terms of shape and intensity values) but very di�erent edgemaps. Note that some of the edges are blurred or missing be
ause of aggressive downsampling (from 128 � 128to 32� 32 pixels).
Table 1: Experimental results of three 
lassi�ers using the 100 obje
ts in the COIL-100 dataset# of views/obje
t36 18 8 43600 5400 6400 6800tests tests tests testsSNoW w/ 
onjun
tion of edges 96.25% 94.13% 89.23% 88.28%SNoW w/ intensity values 95.81% 92.31% 85.13% 81.46%Linear Support Ve
tor Ma
hine 96.03% 91.30% 84.80% 78.50%Nearest Neighbor 98.50% 87.54% 79.52% 74.63%

is I(x; y).) In our experiments images are normal-izes so that w = h = 32. Note that although thenumber of potential features in our representation is262; 144 (32 � 32 � 256), only 1024 of those are a
-tive (present) in ea
h example, and it is plausible thatmany features will never be a
tive. Indeed, in one ofthe experiments, only 13,805 of these features wereever a
tive. Sin
e the algorithm's 
omplexity dependson the number of a
tive features in an example ratherthan the total number of features, the sparseness also
ontributes to eÆ
ien
y. Also noti
e that althoughthis representation seems simplisti
, the performan
elevels rea
hed are surprisingly good.Table 1 shows the re
ognition rates of the SNoW-based methods, the SVM-based method (using lineardot produ
t for the kernel fun
tion), and the nearestneighbor 
lassi�er using the COIL-100 dataset. Theimportant parameter here is that we vary the numberof views of an obje
t (k) during training and use therest of the views (72� k) of an obje
t for testing.The experimental results show that the SNoW-based method performs as well as the SVM-basedmethod when many views of the obje
ts are presentduring training and outperforms the SVM-basedmethod when the numbers of views is limited. Al-though it is not surprising to see that the re
ognition

rate de
reases as the number of views available dur-ing training de
reases, it is worth noti
ing that bothSNoW and SVM are 
apable of re
ognizing 3D ob-je
ts in the COIL-100 dataset with satisfa
tory per-forman
e if enough views (e.g., > 18) are providedand seem to be fairly robust even if only a limitednumber of views (e.g., 8 and 4) is used for training;the performan
e of both methods degrades gra
efully.Overall, the SNoW-based method using 
onjun
tionsof edges 
learly outperforms other 
lassi�ers.5.3 Noise ModelTo test whether the proposed learning frameworkis noise tolerant, we sele
t a set of 10 obje
ts4 fromthe COIL-100 dataset and add in arti�
ial o

lusionsfor experiments. In the data set, ea
h obje
t has 36images (10Æ apart) for training and the remaining 36images for tests. The obje
t images are o

luded by astrip 
ontrolled by four parameters (�; p; l; g) where �denote the angle of the strip, p denote the per
entageof o

luded area, l denote the lo
ation of the 
enter ofthe strip, and g denote the intensity values of the strip.Figure 3 shows some obje
t images and the o

ludedobje
t images for f�; p; l; gg = f45Æ; 15%; (16; 16); 0g.4More spe
i�
ally, the obje
ts are sele
ted from the set ofobje
ts on whi
h the nearest neighbor 
lassi�er makes most mis-takes, obje
ts 8, 13, 23, 27, 31, 42, 65, 78, 80, 91.



This SNoW 
lassi�er is tested against this dataset us-

(a) (b)Figure 3: Obje
ts images with and without o

lusionas well their edge maps.
ing the edge-based representation. Table 2 shows theexperimental results with and without o

lusions onthis set of 10 obje
ts with 36 views. The re
ogni-tion performan
e degrades only slightly from 92.03%to 88.78%. Note that the obje
ts are those on whi
hthe nearest neighbor 
lassi�er makes most mistakes.
Table 2: Experimental results of SNoW 
lassi�er ono

luded images with 36 views per obje
tRe
ognition rate Re
ognition ratew/o o

lusion w/ o

lusionSNoW 92.03% 88.78%
6 Summary and Con
lusionsWe proposed a learning framework for visual learn-ing and evaluated it experimentally in the 
ontext oflearning for obje
t re
ognition. In this approa
h learn-ability 
an be rigorously studied without making as-sumptions on the distribution of the observed obje
tsbut, via the PAC model, the learned hypothesis' per-forman
e naturally depends on its prior experien
e.An important feature of the approa
h is that learn-ing is not studied dire
tly in terms of the raw data butrather with respe
t to intermediate representations ex-tra
ted from it and 
an thus be quanti�ed in terms ofthe ability to generate expressive intermediate repre-sentations. It parti
ular, it makes expli
it the require-ments from these representations to allow learnability.We believe that resear
h in vision should 
on
entrateon the study of these intermediate representations.We have illustrated our approa
h in a large s
aleexperimental study in whi
h we use the SNoW learn-ing ar
hite
ture to learn representations for the 100obje
ts in COIL-100. Although it is 
lear that obje
tre
ognition in isolation is not the ultimate goal, this

study shows the potential of this 
omputational ap-proa
h as a basis for studying and supporting morerealisti
 visual inferen
es.A
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